Graphs are attached to the n-dimensional space Z n 2 r where Z2r is the ring with 2 r elements using an analogue of Euclidean distance. The graphs are shown to be non-Ramanujan for r = 4. Comparisons are made with Euclidean graphs attached to Z n p r for p an odd prime. The percentage of non-zero eigenvalues of the adjacency operator attached to these ÿnite Euclidean graphs is shown to tend to zero as n tends to inÿnity.
Introduction
We study a ÿnite analogue of real symmetric spaces, namely the ÿnite Euclidean space Z n 2 r over the ÿnite ring Z 2 r using a ÿnite analogue of the usual Euclidean distance. The paper of Medrano et al. [6] addresses the question of how graphs attached to Z n p r for odd prime p behave but avoided the case p = 2 as the case is unwieldy. At the end of this introduction, comparisons are made between the graphs where p = 2 and p an odd prime.
Part of the motivation to study the graphs of order 2 r is due to the binary nature of computers and to the search for bipartite graphs. Another motivating factor is to ÿnd ÿnite analogues of real Euclidean space R n and analogies to the harmonic analysis on R n as discussed in Terras [9] . This has been of interest to physicists for some time in areas such as the statistical theory of the energy levels of a complex physical system. Here, we study analogous properties: the distribution of the eigenvalues and eigenfunctions associated to Euclidean graphs. As in Medrano et al. [6] , we would like to know if replacing R by the ring Z 2 r is better or worse than replacing R by F p r or Z p r where p is an odd prime.
The measure of better is tied to the search to ÿnd new examples of Ramanujan graphs as deÿned by Lubotzky et al. [4] . A connected, k-regular graph is Ramanujan i for all eigenvalues of the adjacency matrix with | | = k, we have
See Li [3] and Lubotzky et al. for more information on Ramanujan graphs. Ramanujan graphs are of interest as they provide the best family of explicitly known expander graphs and as their properties are similar to random regular graphs. They are also of interest to number theorists as their associated Ihara zeta functions satisfy the Riemann hypothesis (see [8] ) and as they lead to rapid confusion for the random walker (see [7] ).
Outline
Theorem 3 relates the degree of the graph modulo 8 to the degree of the corresponding graphs modulo 4. Theorem 8 proves that Euclidean graphs modulo 2 r are bipartite and Theorem 4 shows that graphs of the same order are isomorphic for a ≡ 1 mod 4 in even dimension.
Theorem 9 relates the eigenvalues of the adjacency matrices of the graphs X 2 r (n; a) (deÿned after equation 1 below) to the eigenvalues of the graphs X 2 r−1 (n; a) while Corollary 10 extends this property to lower n-dimensional graphs. Theorem 11 shows that when a ≡ 1 mod 4, the graphs X 2 r (n; a) are not Ramanujan for r¿4. We conclude with Theorem 12 which shows that the percentage of non-zero eigenvalues tends to zero as n tends to inÿnity.
Comparison of
Euclidean graphs over the ÿnite ring Z 2 r and Z p r where p is an odd prime Similarities:
1. Euclidean graphs over Z n 2 r are non-Ramanujan for r¿4. For p an odd prime, Euclidean graphs over Z n p r are non-Ramanujan for r¿2 unless p = 3 when r = 2 = n. See Medrano et al. [6] , Theorem 2.5.
2. There is only one isomorphism class of these Euclidean graphs for all p and chosen a in even dimensions. See Theorem 4 below and Theorem 5 in Medrano et al. [6] .
3. The percentage of non-zero eigenvalues of the adjacency matrix associated to both types Euclidean graphs tends to 100% as n tends to inÿnity. Although observed in Medrano et al. it is proved below for p = 2.
Di erences:
1. Over Z n 2 r , the graphs are bipartite unlike the graphs over Z n p r where p is an odd prime.
2. Although the degree of the graphs of X p r (n; a) can be related to the degree of X p (n; a) for odd prime p, the degree of X 2 r (n; a) can only be related to X 8 (n; a) in a nice way. This bars us from proving that X 2 r (n; a) is non-Ramanujan for r = 2 and 3 as mentioned below.
Finite Euclidean graphs over rings
Let Z 2 r be the ring Z=2 r Z. The ÿnite Euclidean space Z n 2 r consists of column vectors x with the jth entry x j in Z 2 r . Deÿne the distance between x and y in Z n 2 r by
This distance has values in Z 2 r and is point-pair invariant. Given a in Z 2 r deÿne the Euclidean graph X 2 r (n; a) with vertices the vectors in Z n 2 r and two vectors being adjacent if d(x; y) = a. A Cayley graph X(G; S) for an additive group G and symmetric edge set S ⊆ G has vertices the elements of G and edges between vertices x and y = x + s for x; y ∈ G, s ∈ S. The set S is symmetric if s ∈ S implies −s ∈ S, If S is a set of generators of G then the Cayley graph is connected. Let
Thus, the Euclidean graph X 2 r (n; a) is a Cayley graph for the additive group Z n 2 r with edge set S 2 r (n; a). Theorem 1. For the Euclidean graph X 2 r (2; a), the order of S 2 r (2; a) is given by
We note that the cases where a ≡ 0 mod 2 are not considered as the graphs are not connected as shown in Theorem 7 below.
Proof. Case 1: a ≡ 1 mod 4. Since the formula holds for r = 2 and 3, assume that r¿4 and that it is true for r − 1. 
Since s 2 is odd, 2 r−1 s 2 is not congruent to 0 modulo 2 r . This implies that only one solution of s; s lifts to a solution modulo 2 r . Thus of the four possible solutions modulo 2 r−1 , only two of them lift to a solution modulo 2 r . This gives
Case 2: a ≡ 3 mod 4. It is easily veriÿed that |S 4 (2; a)| = 0 and |S 8 (2; a)| = 0. Since any solution modulo 2 r can be reduced to a solution modulo 4, there are no solutions
Theorem 2. Given the Euclidean graph X 4 (n; a) where n¿3 and a ≡ 1 mod 2, we have
Proof. Let s = [s 1 ; : : : ; s n ] t ∈ S 4 (n; a) solving s t · s ≡ a ≡ m mod 4 where m is either 1 or 3. Then for some j ∈ {0; : : : ; (n − m)=4 } we have 4j + m of the entries of s being odd. Thus, n − (4j + m) of the remaining entries of s are even. Since there are two possible choices for each of these entries, there are 2 n solutions s ∈ S 4 (n; a) for a given j.
Theorem 3. For the Euclidean graph X 8 (n; a) where a ≡ 1 mod 4 and n¿2,
if n ≡ a mod 8;
Proof. The proof is similar to that of Theorem 2. Let s ∈ S 4 (n; a) solving solutions modulo 8. Thus, for n ≡ a mod 4, we have
Cases 2 and 3: n ≡ a mod 4. The argument follows Case 1 except for the term where j = (n − m)=4. At this j there exist solutions s with all odd s i . If n ≡ a mod 8, then we obtain an additional 2 2n solutions modulo 8. Otherwise, if n ≡ a + 4 mod 8 we obtain no additional solutions modulo 8. Since we have accounted for these solutions modulo 4, we need to add or subtract these 2 2n =2 = 2 2n−1 additional solutions which gives the stated result.
We reserve relating the order of S 2 r (n; a) to S 8 (n; a) until Corollary 10 as the corollary relates not only to the order of the symmetric sets and to the value of the largest eigenvalue, but relates all higher n-dimensional eigenvalues to lower dimensional ones. t solving c ≡ c
Then for a ≡ 1 mod 4, every Euclidean graph X 2 r (n; a) is isomorphic to X 2 r (n; ca) for ÿxed r and even n.
Proof. The proof follows the one for the ÿeld case in Medrano et al. [5] .
Assume n = 2t: t in X 2 r (n; a), let y * = M c y.
Thus, the map y → y * = M c y gives a graph isomorphism from X 2 r (n; a) onto X 2 r (n; ca) since if y and z are adjacent vertices of X 2 r (n; a) we have
Eigenvalues of Euclidean graphs
One of the main goals is to study the spectrum of the adjacency operator A a acting on functions f : Z r where b ∈ Z n 2 r is an eigenfunction of the adjacency operator A a of X 2 r (n; a) corresponding to the eigenvalue (r)
Proof. Claim. The multiplicity of k, the degree of the graph, is one. t in S 2 r (n; a) where s 1 is odd. (We can choose s 1 odd as there exists an odd entry in every element of S 2 r (n; a)). Then s = [−s 1 ; : : : ; s n ] t is in S 2 r (n; a). Since both of these satisfy b t · s ≡ 0 mod 2 r , we have b 
for all s ∈ S 2 r (n; a). Again since elements which are permutations of the coordinates of s are also in S 2 r (n; a), we can choose a solution such that s i1 + · · · + s im is odd. This is due to the fact that if a ≡ 1 mod 4 or if a ≡ 3 mod 4 where n¿4, there exists at least one solution to s r = e i(s1+···+sn) = 1 for all s ∈ S 2 r (n; a):
Case 2: a ≡ 3 mod 4. We showed in Theorem 1 that the order of S 2 r (n; a) was 0 when n = 2. Thus, the graph does not have any adjacent points and is not connected. If n = 3, then it is easy to show that b = [2 r−1 ; 2 r−1 ; 0] t gives another eigenvalue k.
From here we assume that X 2 r (n; a) is a connected graph (Fig. 1) .
Theorem 8. All Euclidean graphs X 2 r (n; a) where a ≡ 1 mod 4 for all n and where a ≡ 3 mod 4 for n¿4 are bipartite.
Proof. We need only to show that −k is an eigenvalue of the adjacency matrix associated to X 2 r (n; a). n ≡ 1 mod 2 we must have an odd number of s i being odd for i = 1; : : : ; n. This gives s 1 + · · · + s n odd. Thus e i(s1+···+sn) = − 1 for all s ∈ S 2 r (n; a) which means b0 = k.
Now we would like to study the relationship between the eigenvalues associated to X 2 r (n; a) and the eigenvalues associated to X 2 r−1 (n; a). We then relate this property to lower dimensional graphs. if 4|b j for all j = 1; : : : ; n; 0 if 4 -b j for some j = 1; : : : ; n:
Proof. Case 1: 4|b j for all j = 1; : : : ; n. Let s ∈ S 2 r−1 (n; a) such that s = [s 1 ; : : : ; s n ] t . Then s
n ≡ a mod 2 r−1 . Let i be the ÿrst index such that s i is odd. Then we know that s = [s 1 ; : : : ; s i + 2 r−2 ; : : : ; s n ] t is also in S 2 r−1 (n; a). Then
This gives
Since s i is odd, 2 r−1 s i ≡ 0 mod 2 r−1 and thus only one of the pair s; s lifts to a solution modulo 2 r for r¿4. Given that all the b i are even, we have
This implies that s and s contribute to for r¿4:
Case 2: 4 -b j for some j = 1; : : : ; n. Let s ∈ S 2 r (n; a) such that s For s = s , we rearrange the exponential sum to obtain 
We note that at b = 0,
b = k which is the order of the symmetric set S 2 r (n; a). This gives us |S 2 r (n; a)| = 2 (n−1)(r−3) |S 8 (n; a)|:
Combining this result with Theorem 3, we conclude for r¿3,
Theorem 11. For r¿4 the connected Euclidean graph X 2 r (n; a) is not Ramanujan.
Proof. Let k (r) be the degree of X 2 r (n; a) and v (r) be the number of vertices of X 2 r (n; a). If A 2 r (n; a) is the corresponding adjacency operator on X 2 r (n; a), let (r) = max{| | such that is in the spectrum of A 2 r (n; a); = k}:
Then by the inequality at the bottom of p. 455 of Angel et al. [1] for r¿4,
Using Corollary 10, we have a lower bound for (r) :
(r) ¿2
(n−1)(r−3)
By Eq. (5), we have that the Ramanujan bound becomes
Thus for r¿4 we need to show that
It su ces to prove
Simplifying, we obtain
For a ≡ m mod 4 where m = 1 or 3, set K = (n−m)=4 j=0 ( n 4j+m ). We have an upper bound on k (3) by Eq. (2):
Also, since n j=1 ( n j ) = 2 n , we have
Combining these results gives k (3) 62 3n−2 + 2 2n−1 . Substituting into Eq. (8) we have
which reduces to
This inequality holds for all n¿2 and r¿4 except r = 4 when n = 2 or 3 and r = 5 when n = 2. Checking these cases on computer we see that the Ramanujan bound does not hold.
We note that the inequality in Eq. (7) does not hold for r = 2 or 3. Without a bound on the second largest eigenvalue, it is di cult to prove that these graphs are not Ramanujan. Instead, we note that the only Ramanujan graphs found by computer are r = 2 when n = 2 and 3:
2.2. Spectra and level curves of X 2 r (n; a)
Although the graphs are non-Ramanujan we are still interested in studying the spectra and level curves corresponding to these graphs as the spectra is analogous to the energy levels of a complex physical system. It is easy to produce histograms of eigenvalues of these Euclidean graphs modulo 2 r for small r and n. The distribution of the eigenvalues appears to have gaps similar to those found in Medrano et al. [6] . These facts lead us to believe that as n approaches inÿnity, the percentage of non-zero eigenvalues approaches zero.
Theorem 12. The percentage of non-zero eigenvalues of the adjacency operator associated to the connected Euclidean graphs X 2 r (n; a) approaches zero as n tends to inÿnity.
Proof. By Theorem 9, we can have at most 2 n(r−1) of the 2 nr eigenvalues being nonzero. Thus, gives us that the percentage of non-zero eigenvalues tends to zero as n tends to inÿnity.
We note that replacing p = 2 with p an odd prime produces the same result and proves the observations in Medrano et al. [6] The question regarding level curves of eigenfunctions for ÿnite Euclidean models is interesting in that the level curves have analogues in mathematical physics. In the real case the eigenfunctions of the Laplacian in R 2 relate to points on a vibrating drum. For a circular drum, the contour lines of radial eigenfunctions are circles. The simultaneous eigenfunctions of the combinatorial Laplacians on the ÿnite Euclidean graphs X 2 r (n; a) for ÿxed r and n can be seen as ÿnite spherical functions. Thus, the analogy of ÿnding x such that f(x) = constant is the same as d(x; 0) = constant and the level "curves" are ÿnite analogues of circles.
For n = 2, we obtain Figs. 2 and 3 by associating point-pairs (x; 0) (where x =(x 1 ; x 2 )) with the same distance modulo 2 r to dots of the same color. In other words, the points x where f(x) = c ≡ x 2 1 + x 2 2 mod 2 r have the same color. We note that these patterns look similar to those in Myers [7] over Z p and in Medrano et al. [5] 
